A three-dimensional wave packet generated by a local disturbance in a hypersonic boundary layer flow is studied with the aid of the previously solved initialvalue problem. The solution to this problem can be expanded in a biorthogonal eigenfunction system as a sum of discrete and continuous modes. A specific disturbance consisting of an initial temperature spot is considered, and the receptivity to this initial temperature spot is computed for both the twodimensional and three-dimensional cases. Using previous analysis of the discrete and continuous spectrum, we numerically compute the inverse Fourier transform. The two-dimensional inverse Fourier transform is found for Mode S, and the result is compared with the asymptotic approximation of the Fourier integral. Due to the synchronism between Mode F and entropy/vorticity modes, it is necessary to deform the path of integration around the associated branch cut. Additionally, the inverse Fourier transform for a prescribed spanwise wave number is computed for three-dimensional Mode S. 
Introduction
The transition process from la minar to turbulent flow in hypersonic boundary layers has been studied for many years. However, our understanding of this phenomenon is still very poor compared to the low speed case. 1 Several reasons exist for this difference. For example, experimental conditions are severe in hypersonic wind tunnels. Because of high levels of free-stream noise, it is difficult to perform experiments with controlled disturbances, and it is difficult to design perturbers providing high-frequency artificial disturbances of well-controlled characteristics.
Furthermore, interpretation of experimental data is not straightforward, and this issue leads to the need for close coordination between theoretical modeling and experimental design and testing. 2 Experiments w ith controlled disturbances could provide insight into the governing mechanisms associated with hypersonic laminar-turbulent transition, with a sharp cone being a good candidate for transition studies due to its relatively simple geometry. Several methods for excitation of artificial disturbances in a hypersonic boundary layer are available. These methods could be used to generate either twodimensional or three-dimensional wave packets of a broad frequency band.
Additionally, due to advances in computational fluid dynamics, it is possible to perform reliable simulations of laminar-turbulent transition. Ma and Zhong 3, 4 and Zhong and Ma 5 have performed direct numerical simulations to better understand the mechanisms leading to hypersonic boundary layer transition.
Accompanying these experiments, both windtunnel and numerical, should be theoretical modeling and studies of the development of wave packets in hypersonic boundary layers.
Gustavsson 6 solved a two-dimensional (2D) in itial-value problem for incompressible boundary layer flows. Fedorov and Tumin 2 analyzed a 2D initialvalue problem in a compressible boundary layer. The problem was solved using a Fourier transform with respect to the streamwise coordinate and a Laplace transform with respect to time. It was shown that the dispersion relation for the discrete spectrum is nonanalytic due to the synchronism of the first mode (Mode F) with the entropy and vorticity waves of the continuous spectrum, but the inverse Laplace transform is regular at the synchronism point. Although this regularity ensures that the inverse Fourier transform for the wave packet could be performed, this computation was not done. Forgoston and Tumin 7 extended the work of Ref. 2 by solving the initialvalue problem for three-dimensional (3D) wave packets. Once again, the inverse Fourier transform was not computed. Mack 8, 9 used linear stability theory to perform extensive studies of the behavior of 2D and 3D instability modes for both the temporal and spatial problems. In particular, he discovered that for compressible flows, higher acoustic instability modes e xist along with the first mode. However, even though the behavior of these modes is understood, the mechanism by which the modes are generated (receptivity problem) is still a subject of research. Throughout the 1980s, 1990s and 2000s, Fedorov and colleagues discovered many results involving the receptivity of high speed flows. One can find a complete bibliography in Ref. 10. Particularly, this spatial analysis of the 2D instability modes revealed the following: (1) in the region of the leading edge, two discrete modes, Mode F and Mode S, are synchronized with fast and slow acoustic waves respectively; (2) at a downstream location, Mode F is synchronized with the entropy and vorticity waves; (3) farther downstream, Mode F and Mode S also could be synchronized. 11 It is important to understand these features due to the role they may have in the transition process. Later on, similar features of Mode F and Mode S were seen in the 2D temporal problem 2 . For the 3D initial-value problem, Mode F and Mode S was analyzed in Ref. 7 for one particular choice of parameters, and the following features were revealed: (1) the synchronism of Mode S with acoustic waves at low wave number is primarily twodimensional; (2) at high angles of dis turbance propagation, Mode F is no longer synchronized with entropy and vorticity waves; (3) at high angles of disturbance propagation, the synchronism between Mode S and Mode F no longer leads to a Mode S instability, and at even higher angles of disturbance propagation, Mode S and Mode F are not synchronized. A complete understanding of the features of the spectrum is needed to compute the inverse Fourier transform.
We will briefly review the previously solved initial-value problem for a three-dimensional wave packet in a hypersonic boundary layer flow. Our objective is to consider the specific disturbance of an initial temperature spot. The receptivity to the temperature spot is found for both the 2D and 3D cases. The 2D inverse Fourier transform is computed for both Mode F and Mode S. Because of the synchronism of Mode F with entropy/vorticity modes, the path of i ntegration must be deformed around the branch cut that is associated with this synchronism. We show that the computed transform is independent of the path choice. The computed i nverse Fourier transform for Mode S is compared with the asymptotic approximation of the Fourier integral. Lastly, we compute the 3D inverse Fourier transform for a prescribed value of the spanwise wave number for Mode S, and we compare this with the asymp totic representation of the Fourier integral.
Problem Formulation
We consider a three-dimensional parallel boundary layer flow of a calorically perfect gas. At the initial time, 0 t = , a three-dimensional localized disturbance is introduced into the flow. These boundary conditions correspond to the no-slip condition and zero temperature disturbance on the wall, and all disturbances decaying to zero far outside the boundary layer.
Solution of the Initial -Value Problem
The problem is solved using a Fourier transform with respect to the streamwise coordinate, x , a Fourier transform with respect to the spanwise coordinate, z , and a Laplace transform with respect to time. The inverse Laplace transform of 
Discrete and Continuous Spectrum
Discrete modes are given by the poles' contribution to the inverse Laplace transform, i.e. the residues shown in Eq. (5). Continuous modes are given by the branch cuts' contribution to the inverse Laplace transform, i.e. the integrals shown in Eq. (5). There are three branch cuts associated with the continuous spectrum. They are shown in Fig. 1 for 0.2 α = and 0.14 β = . The horizontal branch cut contains a region of overlapping vorticity modes as well as a region of entropy disturbances overlapping the two vorticity modes. Both vorticity and entropy waves travel downstream with a phase speed 1 c = . If an eigenvalue belongs to the discrete spectrum, then the associated eigenfunction decays exponentially outside the boundary layer ( y →∞). Eigenfunctions associated with continuous modes oscillate outside the boundary layer. Details regarding the discrete spectrum and the various regions of the continuous spectrum can be found in Ref. 7 .
The behavior of the spectrum must be understood in order to compute the inverse Fourier transform. To illustrate features of the spectrum, we consider a boundary layer over an adiabatic sharp cone at zero angle of attack.
The length scale is ( ) Receptivity to a Temperature Spot As an example of a specific initial disturbance, we consider a temperature spot localized at a distance 0 Y from the wall. For the 3D initial-value problem, this disturbance will have the form
The orthogonality condition given by Eq. (6) 
In the computation, we ignore the factor of 2 . For the purpose of analysis, we shall consider Mode F and Mode S separately. Figure 2 shows the imaginary part of the eigenvalue i ω for Mode F. Figure 3 shows the maximum streamwise velocity amplitude max u for Mode F, which is generated by α components of the temperature spot located at varying normal distances 0 Y from the wall.
Mode F
We numerically compute the integral given by Eq. (13) from 0.1 α = to 0.5 α =
. We were unable to calculate the Mode F eigenvalues below 0.08 α ≈ (Fig. 2) . However, the input into the integral for
is not significant since the receptivity coefficient, max u , is close to 0 for this range of α (Fig. 3) . . This fact, coupled with the fact that Mode F is everywhere decaying, suggests that there will not be much input into the integral for 0.5 α > if a sufficiently large time, t , is chosen. There is a synchronism between Mode F and the entropy and vorticity modes of the phase speed 1 c = .
As the discrete mode coalesces with the continuous spectrum from one side of the branch cut, it reappears on the other side at another point. This leads to a jump in i ω . , and at point F, 0.5 α = . The result is shown in Figure 6 as contours of u in the xy − plane. To better illustrate the Mode F wave packet, Figure 7 shows a slice of Fig. 6 taken at 2.02 y = . One can see that the wave packet shown in Fig. 7 has a well defined periodic structure, with period of about 21. The wave number corresponding to this period is given as 2/210.299 π = . At this short time, the main input into the integral is from the receptivity coefficient, and we expect the wave number that corresponds to the period of the wave packet to be near the value of α for which max u is a maximum. In fact, for our choice of 0 8.9 Y = , max u attains its largest value at 0.297 α = , which compares favorably with 0.299 α = . To illustrate the decay of the wave packet in time, Eq. (13) is integrated again using Path 1 and
. Figure 8 shows the result taken at the slice 2.02 y = . When Fig. 8 is compared to Fig. 7 , one sees that u is an order of magnitude smaller for 200 t = than for 50 t = . Additionally, the wave packet is seen to have moved downstream with the increase in time.
To ensure that these results are independent of the choice of path of integration, the results shown for 0 8. To compare the results, Figure 9 shows the wave packet at the slice 2.02 y = for each choice of integration path. There is good agreement between the results obtained using the four different integration paths. has a longer portion of its path in the negative complex α plane, this phenomena also explains why the Path 3 result differs slightly from the other three results. Figure 10 shows the imaginary part of the eigenvalue i ω for Mode S. Figure 11 shows the maximum streamwise velocity amplitude max u for Mode S, which is generated by α components of the temperature spot located at varying normal distances 0 Y from the wall. We numerically compute the integral given by Eq. (13) 
Mode S

α =
, Mode S is decaying, so that for sufficiently large times, there will not be significant input into the integral for 0.5 α > . Unlike the Mode F case, there is no need to deform the path of integration to compute the Mode S inverse Fourier transform. The result for 0 8.9 Y = at 500 t = is shown in Figure 12 as contours of u in the xy − plane. The wave packet shown in Fig. 13 has a well defined periodic structure, with period of about 24 . The wave number corresponding to this period is given as 2/240.262 π = . The main input into the integral comes from the Gaussian shaped portion of the Mode S eigenvalue plot (Fig. 10) . The peak of the Gaussian occurs at 0.254 α = , which compares favorably with 0.262 α = .
Because the eigenvalue plot for Mode S contains a region where 0 i ω > , the Mode S wave packet, unlike the Mode F wave packet, will grow in time (and downstream). Since this behavior is relevant to the transition process, it is useful to compare the Mode S computed inverse Fourier transform with an asymptotic approximation of the Fourier integral. The development of two and three-dimensional wave packets comprised of spatially growing discrete modes for boundary layer flows (parallel and nonparallel) has been considered previously by Gaster. 13, 14, 15 In particular, Gaster used the method of steepest descent to find the asymptotic representation of integrals of the form given by Eq. (13). Starting with Eq. (13) Equation (14) can now be rewritten as 
where L is the contour of integration that has been deformed to pass through the saddle point. Additionally, ( ) ( ) , cuy αα, the receptivity coefficient multiplied by the eigenfunction at the saddle point for the slice 2.02 y = is 0.00174-0.0011i . These values can be used to compare the computed inverse Fourier transform with the asymptotic approximation of t he transform. The computation gives the "exact" shape of the wave packet, while the asymptotic approximation is derived using a 2 nd order Taylor series. Though we expect good agreement between the two methods, especially for large times, there may be some diffe rences between the "exact" result found numerically and the "approximate" result found with the method of steepest descent. One can see that the asymptotic representation provides a good approximation to the computation at 500 t = , and that as time progresses, the two wave packets have even better agreement with each other. One can also see that as time increases, the wave packet spreads out as it moves downstream. Furthermore, the amplitude of the perturbation increases with time.
Inverse Fourier Transform-3D
For the streamwise velocity disturbance, u , the 3D inverse Fourier transform is now given by 
As for the 2D case, the integral of Eq. (22) can be transformed using a symmetry argument to an integral over the positive α half-plane. As before, for the purpose of computation, we ignore the factor of 2 . The asymptotic approximation of the 3D inverse Fourier transform for prescribed β is ( ) , the receptivity coefficient (Fig. 18 ) is near 0 in this region. Once again, the greatest input into the integral will be from the region of 0.2 α ≈ to 0.3 α ≈ . It is in this region that the receptivity coefficient, max u , is the highest, and it is also in this region where i ω attains its largest value. Beyond 0.5 α = , Mode S is decaying, so that for sufficiently large times, there will not be significant input into the integral for 0.5 α > . Y = and 1000 t = at the slice 2.02 y = with the asymptotic approximation at 1000 t = .
Conclusions In this paper, we used the previously solved 2D and 3D initial-value problems along with features of the spectrum for one case of parameters to study the evolution of wave packets for two discrete modes, Mode S and Mode F.
Given the specific disturbance of an initial temperature spot, we computed the 2D inverse Fourier transform for both Mode F and Mode S. The results for Mode S were compared with the asymptotic approximation of the Fourier integral. The 3D inverse Fourier transform was also computed for Mode S for prescribed values of the spanwise wave number β . The results lead to the following conclusions:
1) Due to the synchronism between Mode F and entropy/vorticity waves, the path of integration must be deformed around the branch cut associated with this synchronism. Since the integrand is analytic, the choice of the integration path should not affect the result, and in fact, the numerical results for four choices of integration path agree very well.
2) The asymptotic approximation found using the method of steepest descent provides very good agreement with the computed inverse Fourier transform for sufficiently large time. This is true both for the 2D Fourier integral and the 3D Fourier integral with prescribed β .
Future work will include the computation of the 3D inverse Fourier transform for a range of β .
